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ON STATISTICAL LNVES'F1GATIC)N OF D Y N A I ~ I C  SYSTEMS 

-USSR- 

LTollowing i s  a t r a n s l a t i o n  of an a r t i c l e  by L. Pontryagin,  
A. Andronov, and A ,  V i t t ,  Scient i f ic-Research I n s t i t u t e  of 
Physics,  i n  t h e  Russian-language p e r i o d i c a l  Zhurnal Eksperi- 
mental 'noy i Teoreticheskoy F i z i k i  ( Journa l  of Experimental 
and T'neoretical Physics) ,  Vole 3, 1933, pages 165-180,7 

1, Statement of t h e  Problem 

Assume t h a t  w e  have a dyGamic system 2efined by n d i f f e r e n t i a l  
equat ions of t h e  first order  LSee Mot27 

(Note: We s h a l l  be r e s t r i c t e d  t o  autonomic systems, i. e. systems such 
t h a t  t h e i r  d i f f e r e n t i a l  equat ions do not  depend on time e x p l i c i t l y .  
s i m i l a r  i nves t iga t ion  can be made of non-autonomic systems, ) 

t h e  behavior of t h e  p o i n t  i n  phase space t h a t  t t represents t t  our  system, 
which i s  sub jec t  t o  equat ions (I) ,  according t o  t h e  laws of t h e  case 
(var ious p robaba l i s t i c  hypotheses are poss ib le  here)  

The in t roduc t ion  of such Itrandomt' pe r tu rba t ions  has two pur- 
poses ,  which are connected wi th  t h e  two problems posed i n  t h i s  a r t ic le .  

A 

'These equat ions ,  f o r  giver: i n i t i a l  condi t ions ,  uniquely def ine  

a. The F i r s t  Problem, It i s  c e r t a i n  t h a t  t h e  processes  i n  real 
dynamic systems are no t  completely descr ibed by j i f f e r e n t i a l  equat ions 
of t h e  forin of (I); these  equat ions de f ine  t h e  motion of a system only 
i n  bas i c  o r  approximate form without cons idera t ion  of random shocks 
and p e r t u r b a t i m s ,  Under favorable  condi t ions ,  experiment em d e t e c t  
s eve ra l  consequences of t h e  ex is tence  of such random slioclts, Hence, 
t h e r e  a r i s e s  t h e  fol lowing problem: explain t h e  genera l  behavior of a 
system i n  t h e  presence of random per tu rba t ions  and, i n  p a r t i c u l a r ,  pro- 
v ide  a t h e o r e t i c a l  framework t h a t  w i l l  permit one t o  approach t h e  

systems from t h e  experitgental da t a ,  
years ago by Le  I, 1 h c l e l f s h t a m  as t h e  immediate t a s k  of t h e  theory of 
s e l f - o s c i l l a t i o n s .  

explanat ion of t h e  cha rac t e r  o r  "random per turba t ions t t  i n  rea l  dynamic J 

This problem was posed seve ra l  

b. The Second Problem. U n t i l  t h e  p re sen t  time i n  t h e  general  
theory of motions, f o r  example, in Birkhoff Is theory,  a11 i nves t iga t ions ,  
inc luding  p robaba l i s t i c  s t u d i e s ,  have been concerned wi th  t h e  concept 
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of t h e  motion of t h e  image p o i n t  along a s p e c i f i c  phase t r a j e c t o r y .  
Random pe r tu rba t ions ,  about which w e  have j u s t  spoken and whose possi-  
b i l i t y  has always been considered i n  dynamics when s t a b i l i t y  i n  Lya- 
punovts  sense i s  being s tudied ,  t r a n s f e r  t h e  image po in t  from one 
t r a j e c t o r y  t o  another.  
problem: 
e r a t i o n s  r e l a t e d  t o  accounting f o r  random pe r tu rba t ions ,  i n  p a r t i c u l a r ,  
s e p a r a t e  from t h e  s e t  of motions of a dynamic system those  motions 
which have t h e  g r e a t e s t  p r o b a b i l i t j  of occurrence i n  t h e  presence of 
such per turba t ions .  

I n  t h i s  s ta tement  of t h e  problem, random per turba t ions  a r e  only 
an apparatus  i n  t h e  i n v e s t i g a t i o n  of t h e  cha rac t e r  of t h e  motions 
def ined by equat ion (I>. 

lems i n  any general  fash ion ,  it nonetheless  seems t o  us  t h a t  t h e  f o l -  
lowing cons idera t ions  are a c e r t a i n  s t e p  forward i n  t h e s e  d i r e c t i o n s  
and, poss ib ly ,  are of some general  i n t e r e s t ,  i n  add i t ion  t o  t h e  appl i -  
ca t ions  t h a t  may be found i n  t h e  theory  of s e l f - o s c i l l a t i o n s .  
opinion, it i s  a l s o  i n t e r e s t i n g  t o  s tudy t h e  r e l a t i o n  of t h e  items d i s -  
cussed below t o  s t a t i s t i c a l .  mechanics, although it i s  n o t  our i n t en t ion  
t o  do so i n  t h e  p re sen t  a r t i c l e .  

Hence t h e r e  n a t u r a l l y  arises t h e  fol lowing 
supplement Bi rkhoff ' s  general  theory of motions wi th  consid- 

Although we have not  solved e i the r  t h e  f irst  o r  second prob- 

I n  our 

2. Equation f o r  t h e  Density of t h e  P robab i l i t y  Di s t r ibu t ion  

Let u s  fil-st consider  t h e  simplest case ,  where n = 1 and t h e  
phase space i s  a s t r a i g h t  l i n e  OX. 
t h e  one equation 

I n  p lace  of system ( I ) ,  w e  ob ta in  

A s  w e  have a l r eady  mentioned, one can be given var ious  probaba- 
l i s t i c  hypotheses r e l a t i v e  t o  t h e  random per turba t ions .  
a t i o n s  ozour i n  t h e  fo l lowing  manner: a f t e r  each time intervalT; ' ,  t h e  
phase p o i n t  ins tan taneous ly  jumps a d i s t ance  a along a random d i r e c t i o n  
( t h e  d i r e c t i o n s  r i g h t  and l e f t  are equal ly  probably),  then moves f o r  % 
seconds i n  accordance wi th  t h e  equat ions of motion, then jumps again,  
e t c .  

def ined no t  on ly  by equation (1) bu t  a l so  by p r o b a b a l i s t i c  laws, i t  i s  
impossible t o  examine x a s  a d e f i n i t e  func t ion  of t: and poss ib le  only 
t o  speak of t h e  p r o b a b i l i t y  t h a t  our  image p o i n t  i s  loca ted  i n  some one 
region of t h e  phase space. 

It i s  easy t o  see an analogy between our problem and t h e  so- 
c a l l e d  "problem of t h e  motion o f  an absolu te ly  drunk man," which was 

L e t  t h e  per turb-  

By v i r t u e  of t h e  fac t  t h a t  t h e  motion of t h e  image p o i n t  i s  



apparent ly  first s tud ied  by 15ayleigh Lsee Note7 i n  connection with 
ques t ions  of t h e  addi t ion  of o s c i l l a t i o n s .  B F  analogy, our problem 
could be termed " the  problem of t h e  swimming of an absolu te ly  drunk 
man i n  a channel i n  which t h e r e  a r e  regular c u r r e n t s , "  
Rayleigh, Theory of Sound, Vole 1, Sect ion 42a) 

The necessary p robaba l i s t i c  examination i s  comparatively e a s i l y  
der ived i n  t h e  l i m i t i n g  case ,  if w ssume t h a t  a tends t o  zero along 
wi th  whole a t  t h e  same time a2 ends t o  a f i n i t e  l i m i t  which 
cha rac t e r i zes  t h e  i n t e n s i t y  of t h e  per turba t ions .  

(Note: 

I n  t h e  l i m i t  we can ob ta in  a p a r t i a l  d i f f e r e n t i a l  equation 

which i s  s a t i s f i e d  b 
f ( t ,  x) Lsee Mote 5. I n  Rayleigh 's  case ,  which w e  have j u s t  men- 
t i oned ,  i. e. f o r  X(x) = 0 ,  equat ion (2) becomes a simple equation of 
hea t  conduct ivi ty .  We have made a very p a r t i c u l a r  assumption about t h e  
cha rac t e r  of t h e  random pe r tu rba t ions ,  I n  t h e  more general  case we can 
assume t h a t  we have a determined motion of t h e  image po in t  according t o  
equat ion (1) upon which i s  superimposed a random process  sub jec t  t o  
some s t a t i s t i c a l  law and depenJent upon t h e  l o c a t i o n  of t h e  image poin t .  
If w e  assume t h a t  t h i s  s t a t i s t i c a l  process has no inherent  d i r e c t i v i t y ,  
and t h a t  t h e  random e f f e c t s  are such t h a t  t h e  p r o b a b i l i t y  of l a r g e  per- 
t u rba t ions  approaches zero wi th  s u f f i c i e n t  r a p i d i t y  wi th  decrease i n  
t i m e ? ,  then  i n  p l ace  of equation ( Z ) ,  we s h a l l  obtain a somewhat more 
genera l  equation 

t h e  dens i ty  of t h e  g r o b a b i l i t y  d i s t r i b u t i o n  

where b ( x ) ,  a c o e f f i c i e n t  t h a t  cha rac t e r i zes  t h e  d 
of t h e  s t a t i s t i c a l  process ,  can be  def ined as  &ge 
i s  t h e  mean square  of t h e  d i g l a c e a e n t  during time 
of t h e  s t a t i s t i c a l  process  LSee Note de According t o  t h e  sense of t h e  
concept of t h e  p r o b a b i l i t y  dens i ty ,  w e  are only i n t e r e s t e d  i n  so lu t ions  
of equation-(3) f o r  which f ( t ,  x) >, 0, and which are normed, i , e ,  
f o r  which LSee Note 27 

e of d i s s i p a t i o n  
/T ), where 
rider t h e  ac t ion  

To f i n d  a s p e c i f i c  so lu t ion  t o  equation ( 3 ) ,  it i s  s u f f i c i e n t  t o  know 
t h e  func t ion  f ( t ,  x) f o r  t = 0, i. e*  t o  have t h e  i n i t i a l  p r o b a b i l i t y  
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d i s t r i b u t i o n ,  
which has  a s p e c i f i c  p o s i t i o n  e a t  t h e  i n i t i a l  moment, then w e  must 
f i n d  a d i s t r i b u t i o n  func t ion  f ( t ,  x )  such t h a t  i n  the.1imi-t t -3 0 t h i s  
func t ion  w i l l  vanish a t  a l l  po in t s  except ing and, add i t iona l ly ,  w i l l  
sa t i s fy  condi t ion ( b ) ,  The func t ion  thus  def ined  depends, of course,  
on t h e  po in t  6 ; w e  shall denote it by p( F 
i s  t h e  p r o b a b i l i t y  t h a t  a random p o i n t ,  l oca t ed  i n  pos i t i on  e a t  t h e  
moment t = 0, w i l l  move t o  a pos i t i on  between x and x + dx during time 
t. 

If we wish t o  s tudy t h e  behavior of t h e  image po in t ,  

t ,  x ) ;  p ( $  , t ,  x)dx 

(Note 1 : 
about which w e  s h a l l  speak below, are well known from t h e  works of 
Rayleigh, Fokker, Smolukhovskiy, etc. See, f o r  example, t h e  b ib l io -  
graphy i n  Zernicke, Handbuch d e r  Physik, Band 111, Page 4-57. de note  
t h a t ,  i f  f ( t ,  x) is t h e  d e n s i t y  of t h e  p r o b a b i l i t y  d i s t r i b u t i o n ,  then 
t h e  p r o b a b i l i t y  of f i n d i n g  t h e  image po in t  a t  moment t i n  region G 

This p a r t i a l  d i f f  e r e n t i d  equation and i t s  gene ra l i za t ions ,  

equals  W(t, G )  = J f ( t ,  x)dx.)  
G 

(Note 2: Let p ( x I T  
loca ted  a t  p o s i t i o n  x ,  w i l l  be v i r t u e  of t h e  random process  a r r i v e  a t  
a pos i t i on  between y and y -+ dy dur ing  t h e  i n t e r v a l t  e 

y)dy be t h e  p r o b a b i l i t y  t h a t  t h e  image p o i n t ,  

Then 

Since we have assumed t h a t  t h e  s t a t i s t i c a l  process  is  no t  d i r e c t i o n a l ,  
then + 00 

l i m  p(x,’G, Y H Y  - X)dF’3* 
Tl +ll 

“Bo 

The r a p i d i t y  wi th  which t h e  p r o b a b i l i t y  of l a r g e  devia t ions  d-ecreases 
wi th  decrease i n  7 i s  charac te r ized  by t h e  f a c t  that. 

7.00 

p(x ,  ”6 y ) l y  - ~ 1 3 d y  = 0. 

0 

(Note 3: Under c e r t a i n  general  assumptions r e l a t i v e  t o  equation ( 3 ) ,  
one can a s s e r t  t h a t  i f  f ( 0 ,  x )  i s  everywhere p o s i t i v e  and normed when 
t = 0,  then these condi t ions  w i l l  be  s a t i s f i e d  f o r  all t > 0 as w e l l , )  

It may occur (systems f o r  which t h i s  i s  t rue w i l l  be our chief  
i n t e r e s t )  t h a t  any uns ta t ionary  d e n s i t y  d i s t r i b u t i o n  f ( t ,  x )  i n  t h e  
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w i l l  tend t o  a d e f i n i t e  l i m i t  f unc t ion  f (x). To f i n d  t h e  
l i m i t i n g  s t a t i o n a r y  d i s t r i b u t i o n ,  w e  must s e t  af/@ t - 0 i n  equat ion 
(3 )  and examine t h e  equation 

which we  s h a l l  c a l l  t h e  s t a t i o n a r y  case of t h e  Fokker eqdation. The 
so lu t ion  of equation (5)  which does not  depend on t h e  i n i t i a l  condi- 
t i o n s  w i l l  b e s t  re f lec t  t h e  p r o p e r t i e s  of t h e  dynamic system (I). 
Therefore,  we shall henceforth be concerned wi th  t h e  s tudy of t h i s  par- 
t i c u l a r  equation and i t s  gene ra l i za t ion  f o r  t h e  case  n)' 1. ks regards 
equat ion ( 3 ) ,  al though it i s  i n t e r e s t i n g  from t h e  po in t  of view of t h e  
problem of t h e  c h m a c t e r  of pe r tu rba t ions  i n  r ea l  phys ica l  systems, w e  
s h a l l  no t  dea l  with it d i r e c t l y ;  i n  genera l  form it i s  very d i f f i c u l t  
t o  s tudy;  and a so lu t ion  can be found only i n  a small number of p a r t i c -  
u l a r  cases  LSee Note ge We note  t h a t ,  and t h i s  w i l l  be u s e f u l  l a t e r  
on, equat ion (3) can be given another  pure ly  s t a t i s t i ca l  t reatment  in -  
s t ead  of t h e  t reatment  a s  t h e  r e s u l t  of t h e  
t i c a l  pmcess  on a dynamic process ,  a s  we have j u s t  done Lsee Mote g .  superpos i t ion  of a s t a t i s -  

(Note 1 : 
1931; A .  Kolmogorov, Nath, Annalen, 5, Vol, 104, Page 454, 1931) 

See K. von Nises, Wahrscheinlichkeitsrechnung, Sec t ion  517, 

(Igote 2: 
process  and l e t  t h e r e  be a func t ion  p( k, 
i s  t h e  p r o b a b i l i t y  t h a t  t h e  image po in t  w i l l  move from -1 s p e c i f i c  pos- 
i t i o n (  t o  a. pos i t i on  between x and x +- dx dur ing  time t. 
be shown t h a t  under c e r t a i n  assumptions r e l a t i n g  t o  t h e  func t ion  p and 
under t h e  condi t ions:  

Let t h e  image po in t  be ac ted  upon only by a s t , ? t i s t i c a i  
t, x) such tba.t, p(  f , t ,  x)& 

Then it can 

L 09 

t h e  func t ion  p(  t ,  x), a s  a func t ion  of t and. x, sat isf ies  equation 
( 3 ) .  It i s  eas t o  see t h a t  t h e  d i s t r i b u t i o n  i n  general  f o r m  f ( t ,  x) 
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w i l l  then  a l s o  sa t i s fy  t h i s  equat ion,  s ince  
4 

f ( t 9  X I  = s f( )P( t 9 t ,  x )dC , 
-oe, 

) is t h e  d i s t r i b u t i o n  f o r  t = 0. ) where f ( 

Unt i l  now we have assumed t h a t  we  have one d i f f e r e n t i a l  equa- 
t i o n  of t h e  form of (1) and t h a t  t h e  corresponding phase space i s  a 
s t r a i g h t  l i n e .  I n  t h e  general  case ,  i n s t ead  of t h e  equat ion (l), we 
s h a l l  have t h e  system ( I ) ,  and in s t ead  of equat ion ( 3 ) ,  t h e  equat ion 

“2,. * .  , xnj again cha rac t e r i ze  t h e  s t a t i s t i c a l  process  
The coord ina tes  xl9 x2, ..., xn w i l l  be considered as 

Cartesian cosrd ina tes  i n  Eucl idian space. 

whereby p(Xl9 ~2~...* xn; 
p r o b a b i l i t y  t h a t  t h e  image po in t ,  l oca t ed  a t  xl, x Z t e ; * ,  xn, w i l l  move 
by v i r t u e  of t h e  random process t o  a pos i t i on  between y1 and y1 9 dy19 

y2 + dy2$ etc. ,  i n  t i m e t .  
f i r s t  and t h i r d  moments can be w r i t t e n  by analogy with  those f o r  equa- 
t i o n s  ( 3 )  ( see  note  3 on page 7) . )  

, y19 yn)  dyl d y ~  * e .  dyn i s  t h e  

The corresponding c o r r e l a t i o n s  f o r  t he  

Thus i s  we  know equations ( I ) ,  which cha rac t e r i ze  the  dynamic 
system, and t h e  func t ions  b i j ,  which cha rac t e r i ze  t h e  random perturb-  
a t i o n s ,  we can then write equat ion (11). We s h a l l  call e ua t ion  (11)  
t h e  Fokker equation cor respmding  t o  system ( I )  ,/gee Note 7 - It is  
evident  t h a t  we are i n t e r e s t e d  i n  t h e  non-negative and normed so lu t ions  
of t h i s  equation, 
under t h e  assumption, as before ,  t h a t  af /  at = 0; 

The s t a t i o n a r y  case of t h i s  equat ion i s  obtained 
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Let u s  now r e t u r n  t o  t h e  problems s t a t e d  i n  sec t ion  1, having obtained 
equat ions (11) and (111), 
gorovo 1, c., p. 415* L s i 8 O t e  

s tudying ranpqrn pe r tu rba t ions  i n  real dynamic systems LSee Notg7, we must 
seek those  blJ t h a t  w i l l  b e s t  desc r ibe  t h e  r e s u l t s  of experiment, Here, 
b i j  are given by t h e  phys ica l  system under s tudy,  
way claim t h a t  a n ~ l  random e f f e c t s  i n  real  dynamic systems can be s tudied  
wi th in  t h e  framework of t h e  Fokkey equat ion)  

dynmic  system. def ined by equat ions (I) wi th  t h e  a i d  of equat ions (11) 
and (111),  and of t h e s e  equat ions,  equation ( I I I ) ,  i n  p a r t i c u l a r ,  must 
re f lec t  t h e  p rope r t i e s  of systerno) a 
study t h e  behavior of t h e  so lu t ions  of (111) in t h e  l i m i t  b i j + O  and 
see how these  s o l u t i o n s  behave i n  dependence on t h e  manner i n  which 
b i j  approach zero. 

: It i s  given i n  t h i s  form i n  Kolmo- 

From t h e  p o i n t  of view of t h e  first problem, t h e j r o b l e m  of 

(Note: Ne i n  no 

From t h e  po in t  of view of t h e  second problem, t h e  s tudy of t h e  

Henceforth, we s h a l l ,  f o r  example, 

3 .  Equation f o r  t h e  Nathematical Ekpectation f o r  t h e  Trans i t i on  T i m e  

I n  addi t ion  t o  t h e  d i s t r i b u t i o n  func t ion  f ( t ,  x), t h e r e  are 
o ther  func t ions  which are r e l evan t  t o  t h e  behavior of a random po in t ,  

de s h a l l  f irst  s tudy these  new func t ions  i n  t h e  s imples t ,  one- 
dimensional case.  
a Fandoin po in t ,  f o r  which t h e  corresponding dens i ty  of t h e  p r o b a b i l i t y  
d i s t r i b u t i o n  i s  descr ibed by t h e  Fokker equat ion,  move along t h i s  l i n e  
LSee Motd .  
pure ly  s ta t is t ical  scheme; see  note  on page 9 ) .  

i n i t i a l l y  ( t  = 0 )  a t  some p o i n t  x along t h e  segme.it ab, w i l l  l e ave  t h i s  
segzent wi th in  time t ,  cross ing  over  ( a t  least  0nce )e i the r  p o i n t  a o r  
b LSee Not27. 

@Tote: Xe may a l s o  pose t h e  problem of t h e  p r o b a b i l i t y  t h a t  t h e  random 
po in t  w i l l  l e ave  t'ne segment only by t h e  right-hand (or  le f t -hand)  end 
of t h e  segment, o r  t h a t  it w i l l  n o t  l eave  t h e  segment. 
seen, t h e  equat ion remains t h e  same; only t h e  boundary condi t ions  w i l l  
be changed,) 

Let t h e  phase space be a s t r a i g h t  l i n e  OX. Let 

(Note: I n  t h e  fo l lowing  d iscuss ions  w e  s h a l l  fo l low a 

L e t  us  c a l c u l a t e  t h e  p r o b a b i l i t y  t h a t  a random p o i n t ,  loca ted  

A s  i s  e a s i l y  

We denote  t h e  p robab i l i t y  sought by $ ( t ,  x )  and s tudy 
t = 0 t h e  image p o i n t  has a f ixed  p o s i t i o n  x, t 
it has a p r o b a b i l i t y  dens i ty  d i s t r i b u t i o n  p(x,  

t h e  p r o b a b i l i t y  t h a t  a random p o i n t  w i l l  l e ave  t h e  segment ab i n  a s h o r t  
time i n t e r v a l  '% i s  very s m a l l ,  then ,  remembering t h e  forthcoming l i m i t  
t r a n s i t i o n ,  w e  can d i s r ega rd  t h i s  p r o b a b i l i t y  and write 

6 
*. I - 
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whence, according 

1 1 , .  1 * *  + ~ ? &  q @ P  6% 5 E) (€--2p& -f- -g J- €& 2 4- - 
a 

After t h e  t r a n s i t i o n  t o  t h e  l i m i t ,  1 6 ~ e  obta in  a 
equat ion f o r  t h e  func t ion  

arti'dl d i f f e r e n t i a l  
( t ,  x) Lsee JJote 2Tp 

(Note 1: 
t h e  t h i r d  momeiit; see t h e  note  on page 9 )  

(Note 2: 
case n > 1 were derived by L. S. Pontryagin) 

The v a l i d i t y  of t h i s  fo l lows  from t h e  condi t ion imposed on 

Equations (7)  and ( 9 )  as well as t h e i r  gene ra l i za t ions  f o r  t h e  

Now l e t  us f i n d  t h e  i n i t i a l  and bo ary condi t ions  f o r  
It i s  obvious t h a t  a t  t h e  i n i t i a l  moment, (0 ,  x )  = 0,  if x, 
assumed, l i es  on t h e  segment (a ,  b).  We s h a l l  a l s o  assume t h a  
= @ ( t ,  b) 1 f o r  any t ,  s i n c e  i f  a random po in t  approaches a 
then it i s  n a t u r a l  t o  assume t h a t  t h e  p r o b a b i l i t y  of i t s  ex i t  from t h e  
segment ( a ,  b )  w i l l  approach uni ty .  

We ROW pose t h e  quest ion of t h e  mathematical expec ta t ion  of the  
exi t  time M(x), i . e .  t h e  time necessary for t h e  image po in t ,  i n i t i a l l y  
loca t ed  a t  some po in t  x of t h e  segment ( a , b ) ,  t o  l eave  t h a t  segment 
through e i t h e r  po in t  a o r  b. Since t h e  p r o b a b i l i t y  t h a  
w i l l  l e ave  wi th in  a t i m e  i n t e r v a l  from t t o  t + d t  i s  ( 
then t h e  des i r ed  mathematical expectat ion equals  

To ob ta in  t h e  d i f f e r e n t i a l  equat ion t h a t  de f ines  M, we d i f f e r e n t i a t e  
equat ion (5) wi th  r e spec t  t o  t, mul t ip ly  both  i t s  s i d e s  by t ,  and i n t e -  
g r a t e  from 0 t o  Q p  de then have 



o r ,  s ince  @ee Not$ * 

. 
t h e  des i r ed  d i f f e r e n t i a l  equation w i l l  have t h e  form 

(0, x )  = 0,  s ince  by assumption x l i e s  on t h e  segment ( a ,  b ) ;  
@ ( O o ,  x) = I, s ince  t h i s  is t h e  . p robab i l i t y  t h a t  a random p o i n t  w i l l  

l eave  t h e  segment ( a ,  b )  a t  some time, which i s  a c e r t a i n t y . )  

The corresponding boundary condi t ions ,  as i s  e a s i l y  seen,  w i l l  
be  

M(a) = 0; M(b) = 0. 

I n  add i t ion ,  f o r  t h e  meaning 3f t h e  problem it i s  necessary t h a t  
IVl(x)) 0. \(e mention t h a t ,  i f  we me i n t e r e s t e d  i n  t h e  mathematical 
expec ta t ion  f o r  t h e  t r a n s i t i o n  t ine  of a random po in t  a t  pos i t i on  a 
( a $ x ) ,  then  we must f i n d  t h e  s o l u t i o n  t o  t h e  problem j u s t  s t a t e d  and 
go t o  t h e  limit a t  b-bog. 

The foregoing d iscuss ions  can be easily general ized f o r  t h e  case 
n ) 1 .  Let u s  assume a random p o i n t  whose motion i s  descr ibed by t h e  
Fokker equat ion f o r  t h e  general  case.  
t h e  corresponding phase space,  l e t  A be t h e  boundary of t h i s  region,  
and l e t  66 be a po r t ion  of t h i s  boundary. 

We s h a l l  c a l l @ ( t ,  XI, x ~ ~ . . . ,  xn) the  p r o b a b i l i t y  t h a t  a ran- 
dom p o i n t ,  l oca t ed  a t  t h e  moment t = 0 a t  t h e  pos i t i on  XI, x ~ ~ , . . . , x ~  
i n  region G, w i l l  l e ave  region G w i th in  time t, i n t e r s e c t i n g  t h e  por t ion  
of t h e  boundary & upon leaving.  
tial. d i f f e r e n t i a l  equat ion f o r  t h e  func t ion  

L e t  G be a c e r t a i n  region of 

A s  before ,  it i s  easy t o  f i n d  a par- 
( t ,  X I p  x ~ o * o e l  xn): 

with  t h e  fol lowing i n i t i a l  and bbundary condi t ions :  
(3, xl, x2,. . . 
e boundary @ , 

t o  t h e  remaining 

p o i n t  from region G through t h e  po r t ion  of t h e  boundary 
a s p e c i f i c  time t ,  but  fol- a l l  time fol lowing t h e  i n i t i a l  moment, 

Xn) = 0 f o r  all po in t s  l y i n g  wi th in  region G; 
( t ,  XI* X2SB. .  = 7, f o r  p o i n t s  which belong t o  t h e  po r t ion  of 

( t ,  x l p  xn)  = 0 f o r  po in t s  which belong 

If we wish t o  s tudy  t h e  ques t ion  of t h e  depar ture  of a random 
n o t  during 
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then  w e  have t o  go t o  t '. 
s e c t i o n  2 ,  we must set  . Consequently, t h e  problem 
i s  reduced t o  f ind ing  t e xZ9...,  xn)  of t h e  equation 

In t h i s  case,, as w e  d i d  i n  

. . . . . . . . . . . . . . . . 
under t h e  boundary condi t ions  j u s t  discussed,  If %coinc ides  wi th  A, 
t h e  func t ions  (xlp x 2 9 e e s ,  xn)  become u n i t y  
along t h e  e n t i r e  boundary la. In  t h i s  case  t h e  equat ion ( IV ' )  i s  s a t -  
i s f i e d  by u n i t y ;  t h i s  means t h a t  t h e  p r o b a b i l i t y  t h a t  a random po in t  w i l l  
l e ave  t h e  region G a t  some time and p lace  equals  uni ty .  

t h e  ex i t  time w i l l  have t h e  form 

( t ,  X l ,  X2,. ..) Xn) and 

In t h i s  case t h e  equation f o r  t h e  mathematical expectat ion for 

(xl, x2#. . . xn) i s  t h e  corresponding so lu t ion  of equation 
(IV),  and the boundary condi t ions are M(xls X2s .a . ,  xn)  on t h e  e n t i r e  
boundary ALSee Not$. 
~ 2 ~ . . . ,  xn )  = 1, and, consequently, equat ion (V) assumes t h e  form 

If Og coinc ides  wi th  A ,  then ,  a s  we know, 8 ( x l e  

with  t h e  very sage boundary condi t ions ,  (Note: Since ( t ,  x2 , . . * ,  
xn)  i s  a cons tan t  a t  t h e  boundary A ,  then 

vanishes  a t  t h e  boundary A . )  

4. The Case of One Firs t -Order  Equation 

a. S ta t iona ry  Di s t r ibu t ion  of P robab i l i t y  Density. A s  we 
a l ready  know, a s t a t i o n a r y  d i s t p i b u t i o n  i s  a non-negative normed solu-  
t i o n  of t h e  equat ion 

0, 

I n  t h e  genera l  case one cannot count on t h e  ex i s t ence  of a 
s t a t i o n a r y  so lu t ion ,  
t i o n a r y  so lu t ion  can be expected, and which w e  s h a l l  henceforth 

The most na tuya l  condi t ions  under which a s t a -  

- 10 - 



consider  t o  Se s a t i s f i e d ,  a r e  a s  fo l lows:  
i i ) X ( x )  i s  negat ive f o r  s u f f i c i e n t l y  l a r g e  p o s i t i v e  x and p o s i t i v e  €or  
s u f f i c i e n t l y  l a r g e  negat ive x, being i n  e i t h e r  case g r e a t e r  i n  nodulus 
than a c e r t a i n  cons tan t  g) 0. 
gives  

i )  c "  1 b(x)  ) c T )  0 ;  

The first i n t e g r a t i o n  of equat ion (5) 

6,- 
(10 1 

. If condi t ions  ( i )  and ( i i )  are  s a t i s f i e d  and i f  f ( x )  i s  no t  
nega t ivenand normed, then  C1 = 0 izee Note-7. 

(Note: 
d e r i v a t i v e  i n  t h e  l i m i t  x*@Odecrease s o  yapid ly  t h a t  t h e  lef t -hand s i d e  
of t h e  equat ion approaches zero,  and, consequently, C 1  = 0,) 

Namely, it can be shown t h a t  under these  condi t ions f and i t s  

In t eg ra t ing  a second tipe, we f i n d  

where 
w 

(x) = 2 

and C is a new i n t e g r a t i o n  cons tan t  o r  normalizat ion c o e f f i c i e n t .  de 
no t i ce ,  f i r s t  of a l l ,  t h a t  where b (x )  i s  cons tan t ,  t h e  m a x i m a  (o r  min- 
ima) of our so lu t ion  coincide wi th  t h e  po in t s  of s table  ( o r  uns t ab le )  
equi l ibr ium f o r  t he  o r i g i n a l  dynamic system descr ibed by equation (1)  a 

I n  f a c t ,  s ince  ez i s  a monotonic func t ion ,  t h e  m ma and minima OF 
our so lu t ion  coincide wi th  those  of t h e  func t ion  (XI ;  as  f a r  as t h i s  
l a t t e r  func t ion  i s  concerned, thef&ct  i n  ques t ion  i s  very easi ly  estab-  
l i s h e d  for it, 

decreases  uniformly, 
h q ( x ) 9  where q(x) (9" > q(x) > qs) 0 )  i s  an i n v a r i a n t  func t ion ,  a n d 3  
i s  a parameter which w e  s h a l l  cause t o  approach zero, 

Ne s h a l l  now study t h e  s o l u t i o n  under t h e  assumption t h a t  b(x)  
For t h i s  we r ep resen t  b ( x )  i n  t h e  form b(x)  = 

The so lu t ion  i s  then w r i t t e n  i n  t h e  Porm 

where 
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Let us  suppose t h a t  t he re  e x i s t s  a unique po in t  ( l e t  t h i s  be t h e  coor- 
d i n a t e  o r i g i n )  a t  whic 
shown t h a t  i n  t h e  l i m i  
approaches zero,  and a t  t he  poin t  zero,  appmaehes i n f i n i t y ,  I n  t h i s  
case,  i n  f a c t ,  one can evaluate  C (  3) f o r  s u f f i c i e n t l y  mall>: 

x )  reaches an absolute  maximum, 
0 ,  f (x) everywhere, m c e p t  a t  t he  po in t  zero,  

It can be 

where n i s  a p s i t i v e  even integez., and s (X  ) i s  confined withir .  posi- 
t i v e  l i m i t s  Lsee NJoteJ. 

Let h be an extremely small p o s i t i v e  n e r .  It can be shown e a s i l y  
t h a t  by vir tuB of t h e  p rope r t i e s  of$ ( t h e  l a s t  two i n t e g r a l s  a r e  
i n f i n i t e l y  small i n  comparison t o  t h e  f irst  i n t e g r a l  i n  the  l i m i t ~ ~ O .  

can be  approximately represented i n  the  form -kxnt where n i s  a posi- 
t i v e  even in t ege r ,  i, e. 

I n  a s u f f i c i e n t l y  small i n t e r v a l  (-h, t h )  t he  firnction$(x) 

where k l )  klI)O, 
I n  the  same i n t e r v a l  w e  thus  have 

Since i n  t h e  equa l i ty  

we can again (as we have j u s t  done) d is regard  t h e  second summand i n  t h e  
right-hand s ide ,  and s ince  

where p(k)  i s  independent of 
made follows ) 

then by v i r t u e  of ( A )  t h e  a s se r t ion  j u s t  

Consequently, ~ 

!@I 
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If x 
when 
zero. 

0, t he  numera.tor of t h i s  expression decreases much more r ap id ly  
than does t h e  denominator, and t h e  e n t i r e  expression tends t o  

If, on the  o the r  hand, x = 0, t h e  numerator is  independent of 

Knowing t h e  func t ion  X(x), we can choose the  func t ion  q(x)  
and the  e n t i r e  expression consequently tends t o  i n f i n i t y ,  

i n  such a way t h a t  t h e  absolute  maximum of 
po in t s  of s t a b l e  equi l ibr ium of equation (l), 
bution w i l l  tend t o  vanish everywhere i n  t h e  l i m i t  Ad 0, with t h e  excep- 
t i o n  of t h a t  po in t  of s t a b l e  equi l ibr ium a t  which 
absolu te  maximum, 

s t a b l e  po in t  of equi l ibr ium i. e ,  it may happen t h a t  a t  a l o c a l l y  more 
s t a b l e  poin t  (i, e, where (Xt{x)) has i t s  g r e a t e s t  va lue)  t h e  func t ion  

bution 

(x)  occurs a t  any of t h e  
The s t a t iona ry  d i s t r i -  

(x)  reaches an 

It whould be noted t h a t  t h i s  i s  not  a l o c a l  property of t he  given 

9 (XI does no t  reach an absolute  maximum even if b{x) is  constant .  
Let  us examine a p a i r  of simple examples of s t a t i o n a r y  d i s t r i -  

where I) is  a constant .  

a s i n g l e  equi l ibr ium s t a t e  x = 0 (see  Fig. l), 
i s  s t a b l e .  
func t ion  x = Ce-kt serves  as a so lu t ion  t o  the  dynamic equation, 
x = xo when t = 0, then the  so lu t ion  x =.. xo e-k t  i s  

I n  t h i s  case t h e  phase space i s  an i n f i n i t e  s t r a i g h t  l i n e  wi th  

Conditions ( i )  and ( i i ) ( s e e  page 17) a re  s a t i s f i e d ,  
This equi l ibr ium s t a t e  

The 
If 

and a l s o  

We have obtained an ordinary Gaussian d i s t r i b u t i o n  (F iga  2 )  
which i s  the  more d i f f u s e ,  t he  s t ronger  t h e  per turba t ions  are and t h e  
g r e a t e r  D i s ,  and which i s  t h e  more compact, t h e  g r e a t e r  .- k is  and - t h e  
g r e a t e r  t h e  s t a b i l i t y  of t h e  

(Note: This example i s  we l l  
Wahracheinlichkeitsrechnung, 

equi l ibr ium pos i t i on  i s  ". LSee Note,/ 

known. See, for example, R, von Mises, 
Sect ion 517, 1931. ) 



where D i s  a cons tan t ,  
I n  'chis case t h e  phase space i s  an i n f i n i t e  s t r a i g h t  l i n e  wi th  

t h r e e  equi l ibr ium s ta tes:  x = 0,  x = as  x = -a . (F ig ,  3). O f  t hese ,  
t h e  s t a t e  x = 0, x = a, x = -a (Fig. 3). 
i s  uns tab le ,  while x = a and x'= -a are s t a b l e .  
( i i )  are s a t i s f i e d ,  
t h e  so lu t ion  of t h e  dynamic equat ion,  

O f  t hese ,  t h e  s ta te  x = 0 
Conditions ( i )  and 

The func t ion  x2 = a2 / (1  4- Cte-2a2kt) se rves  as 
If x = xo when t = 0,  then 

We ob ta in  a s t a t i o n a r y  d i s t r i b u t i o n  wi th  two maxima (x = +a ans x = - a )  
and one minimum x = 0 (Fig, 4) 

b. Nathematical Expectation for t h e  Trans i t i on  Time ,  

L e t  u s  c a l c u l a t e  f o r  t h e  one-dimensional case i n  quest ion t h e  mathe- 
matical expectat ion Nq(x) f o r  t he  time of t r a n s i t i o n  of t h e  image poin t  
f rom a pos i t i on  x t o  a pos i t i on  q (q  < x ) ~  
s a t i s f i e s  t h e  equation 0 I 

A s  has been shown, N(x) 

We must f i n d  a s o l u t i o n  t o  t h i s  equat ion under t h e  condi t ions  t h a t  H(q) 
= 0 and t h a t  t h e  so lu t ion  or" i n t e r e s t  t o  us  inc reases  i n  t h e  slowest 
poss ib l e  fash ion  i n  t h e  limit x 9 0 S  e The d e r i v a t i v e  of t h e  general  
so lu t ion  of equat ion has t h e  form 

where 

It is  evident  t h a t  wi th  inc rease  i n  x, N(x, q )  a l s o  inc reases ,  
But s ince  we a r e  i n t e r e s t e d  i n  t h e  so lu t ion  and consequently, C ) r  0, 

t h a t  grows i n  t h e  s lowest  manner, C = 0. Consequently LSee MoteJ 



whence, by i n t e g r a t i n g  and consider ing t h a t  l!f(q) = 0 for x = q1 w e  

(Note: X(x) and b(x)  must be such t h a t  

x 
It i s  n o t  d i f f i c u l t  t o  s ee  t h a t  t h e  func t ion  

+n. 

i s  t h e  inverse  of t h e  mean v e l o c i t y  wi th  which t h e  po in t  moves from 
the posit iorr  x t o  t h e  p o s i t i o n  q from r i g h t  t o  l e f t .  We a l s o  f i n d  t h a t  
t h e  mathematical expectat ion (x) f o r  t h e  time of t r a n s i t i o n  of t h e  
image p a i n t  f rom a p o s i t i o n  x o a p o s i t i o n  p ( p ) x )  i s  represented 
by t h e  i n t e g r a l  

i s  t h e  inve r se  of t h e  mean v e l o c i t y  wi th  whLch t h e  po in t  moves from 
p o s i t i o n  x t o  pDsi t ion p from l e f t  t o  r i g h t .  

t h i s  mean v e l o c i t y  tends  t o  t h a t  v e l o c i t y  which i s  obtained from t h e  
dynamic equation (I), i f  -the d i r e c t i o n  s e l e c t e d  (from x t o  q a r  from 
x t o  p )  coincides  wi th  t h e  dynamic d i r e c t i o n  of motion, and tends t o  
zero,  if t h e  d i r e c t i o n  se l ec t ed  and t h e  dynamic d i r e c t i o n  a r e  opposed. 

We s h a l l  g ive  another p a i r  of examples t o  i l l u s t r a t e  t h e  theory 
presented ;  we s h a l l  consider  t h e  same cases  f o r  which we have j u s t  s tud-  
i e d  t h e  s t a t i o n a r y  p robab i l i t y  d i s t r i b u t i o n .  

It can be shown t h a t  i n  t h e  l i m i t ,  f o r  po in t s  t h a t  t end  t o  zero ,  
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The mathematical expectat ion f o r  t h e  time of t r a n s i t i o n  from 
p o s i t i o n  x = O t o  pos i t i on  x = p (06 p)  is  

The mathematical e x p e c t a t i m  f o r  t h e  time of t r a n s i t i o n  f rom 
po in t  x = -a  t o  p o i n t  x = p (-a  +a) is  

$. The case of Two Firs t -Order  Equations 

Xe s h a l l  l i m i t  ourselves  t o  a few comments r e l a t i n g  t o  t h e  sta- 

If t h e  dynamic system is ,described by t h e  equations 
t i o n a l r y  prablem and t o  one example, 

then t h e  p r o d a b i l i t y  d i s t r i b u t i o n  d e n s i t y  i n  t h e  s t a t i o n a r y  problem 
i s  sub iec t  t o  t h e  eauat ion 

We a r e  i n t e r e s t e d  i n  t h e  non-negative so lu t ion  t o  t h i s  equation 
whose i n t e g r a l ,  taken ove qua l s  u n i t y ,  i, e, 

b 



The quest ion of whpq equat ion (31) has such a nmmsd so lu t ion  remains 
unexplained, b'J(xi1 x2)  w e  bounded from abovs and from below, 
i. e, i f  0 (eg  (Sij (c t to  then one would expect t h a b  such a so lu t ion  
exis ts  when an i n f i n i t e l y  remote po in t  of t h e  plane i s  completely 
uns tab le  f o r  the  system (30 ) .  The q u a l i t a t i v e  aspects  of t h e  so lu t ions  
of system (30) a r e  wel l  ham from t h e  works of Poincare and DthePs 
LSee MoteT, The s ingu la r  po in t s ,  limit c y c l e s o  and s e p a r a t r i c e s  are 
t h e  nota6 le  motions which are t h e  d e f i n i t i v e  elements of such a system, 
What i s  t h e  r o l e  of t h e s e  motions from t h e  p o i n t  ?P view of equation 
(31), from t h e  po in t  of view of a s t a t i s t i c a l  s tudy of t h e  dynamic sys- 
tem? One would expect t h a t  t h e r e  would be m a x i m a  of t h e  func t ion  f ( x l ,  
x2)  near  t h e  s t a b l e  s ingu la r  po in t s ,  minima near  completely uns t ab le  
p o i n t s ,  rises i n  t h e  cha rac t e r  of t h e  s h a f t s  nea r  t h e  s t a b l e  l i m i t  
cyc l e s ,  e t c  'dhat happens when t h e  pe r tu rba t ions  apprDach zero? Which 
s o l u t i o n s  are then t h e  most probable? 
answers t o  these  ques t ions  as we d i d  i n  t h e  case of n = 1. 
H. Poincare,  Oeuvres, Vol, I, P a r i s ,  1928) 

Proceeding frm t h e  assumption t h a t  t h e  s o l u t i o n  i n  which w e  
are i n t e r e s t e d  does exis t ,  we  can prove t h e  fol lowing s ta tement ,  t h e  
proof of which we do no t  g ive  here ,  

If e i t h e r  1) a 
cyc le  can be drawn through a without  touching, o r  2 )  a l i e s  on an un- 
s t a b l e  l i m i t  cyc l e ,  o r  3) a i s  an uns tab le  focus  o r  an uns tab le  node, 
then t h e r e  exists a small neighborhood g of t h e  po in t  a which i s  such 
t h a t  

I 

5Je cannot give as exhaust ive 
(Note: 

L e t  a be a c e r t a i n  p o i n t  of t h e  phase space, 

where f (x19 x2;  h) i s  a s t a t i o n a r y  d i s t r i b u t i o n ,  and i s  ?,parameter 
which cha rac t e r i zes  t h e  magnitude of t h e  pe r tu rba t ions  (blJ ( x l o x 2 )  = 
h q l J ( x l r x 2 ) $  e Hence it fol lows t h a t  i n  t h e  l i m i t A  0 a random pTint 
wi th  a p robab i l i t y  t h a t  i s  es c l o s e  t o  u n i t y  as des i r ed  i s  loca ted  i n  
an a r b i t r a r i l y  s m a l l  neighborhood of t h e  s t a b l e f o c i  and nodes, of t h e  
s t a b l e  l i m i t  cyc les ,  s e p a r a t s i c e s  and saddles  LSee Not$. Evidently,  
one can c r e a t e  here ,  j u s t  as was t h e  case f o r  n = I, an absolu te  m a x i -  
mum of t h e  p r o b a b i l i t y  i n  t h e  neighborhood of 9; ?f t h e s e  motions ( i n  
t h e  l i m i t  h+O) by t h e  choice of t h e  proper qiJ(x1?x2)* 
can g ive  examples where a rand3m po in t  i n  t h e  l i m i t n + O  wi th  a proba- 
b i l i t y  of u n i t y  falls i n  t h e  neighborhood of a s t a b l e  node, s t a b l e  focus ,  
OF s t a b l e  l i m i t  cyc l e ;  t h e  r o l e  of t h e  saddle  has no t  been completely 
expla ined , )  

illWSk,rates t h e  d i s t r i b u t i o n  of t h e  p r o b a b i l i t y  
l imensional cases  

(Note: One 

I n  conclusion,  we s h a l l  examine one simple example which c l e a r l y  
dens i ty  i n  t h e  two- 

L e t  t h e  pe r tu rba t ions  be cons tan t  and i s o t r o p i c  
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( b l 2  = 0, bl l  = bZ2 = bo) Lzee Note7, - 
simple form 

Then equation (31) assumes t h e  

where 

(33) 

(34) 

A s  a c h a r a c t e r i s t i c  example we now s e l e c t  a system of, equat ions (34) 
which w i l l  have an uns tab le  i n f i n i t y ,  a s t a b l e  l i m i t  cyc le ,  and an un- 
s t a b l e  s ingu la r  po in t  a t  t h e  coordinate  o r i g i n  (Fig, 5).  L e t  us s tudy  
t h e  p w t i c u l a r  case 

which i s  very easily solved by changing t o  t h e  po la r  coordinates  r and 

be made i s o t r o p i c  by a l i n e a r  s u b s t i t u t i o n  of v a r i a b l e s )  
(x = r cos 9 ; y = r' s i n q  ). (NDte: Constant pe r tu rba t ions  can 

I n  f a c t ,  i n  po la r  sdord ina tes  w e  have 

On t h e  o the r  hand, it i s  no t  d i f f i c u l t  t o  wri te  equation (33) i n  po la r  
coord ina tes  wi th  t h e  func t ions  R and B i n s t e a d  of X(x, y )  and Y(x, y ) :  

Since R and 
symmetrical so lu t ion  of (36) whi does n o t  depend on e Such a solu- 
t i o n  sat isf ies  t h e  equation 

do n o t  depend on i n  sur  example, w e  s h a l l  seek a 

Ir 

whence, by i n t e g r a t i o n ,  we f i n ?  t h a t  



Assuming t h a t  f and ;2f/dr approach 
l i m i t  r+@o * we may se t  C = 0, whence 

zero  s u f f i c i e n t l y  r ap id ly  i n  t h e  

It is  n o t  d i f f i c u l t  t o  p i c t u r e  t h e  dens i ty  of t h e  p r o b a b i l i t y  d i s t r i -  
bu t ion  obtained, We have a "crater-shaped" sur face  which has a minimum 
a t  t h e  po in t  r = 0 and whose m a x i m a  form a c i r c l e  l y i n g  above t h e  l i m i t  
cyc le  r = 1 (Fig. 6) .  

6. Some General Remarks 

a. Xemarks Concerning t h e  F i r s t  Problem. 

1. A scheme wi th  flshockstt ,  o r  more accura te ly  "jumpstf on t h e  
It must be adapted t o  t h e  condi- 

For  example, t h e  ordinary "shocksIf 
phase plane i s  an a b s t r a c t  scheme. 
t i o n s  of t h e  problem LSee Notg7. 
of c l a s s i c a l  mechanics a r e  shocks o r  ftjumpstf i n  r e l a t i o n  t o  v e l o c i t i e s ,  
but, are t h e  absence of effect  on t h e  image po in t  i n  r e l a t i o n  t o  coordi-  
nates .  Xe have a l ready  mentioned t h a t  no t  all random e f f e c t s  
i n  dynamic systems can be s tudied  i n  t h e  framework of t h e  Fokker equ- 
a t ion .  ) 

(Note: 

2 ,  I n  any de r iva t ion  of t h e  Fokker equat ion,  it i s  assumed 
t h a t  i n  any a r b i t r a r i l y  small i n t e r v a l  of time t h e r e  can be a r b i t r a -  
r i l y  l a r g e  jumpstf which, however, w i l l  have an extremely s m a l l  proba- 
b i l i t y .  This corresponds t o  t h e  fac t  t h a t  a r b i t r a r i l y  rap id  motions of 
t h e  phase p o i n t  are assumed, It i s  n a t u r a l  t h a t  t h i s  assumption i s  re- 
f l e c t e d  i n  t h e  r e s u l t :  
d i s t r i b u t i o n  (zero  everywhere f o r  t = 0, except a t  me p o i n t ) ,  we s h a l l  
ob ta in  a so lu t ion  a t  an a r b i t r a r i l y  small value of t which i s  non-zero 
everywhere. This s o l u t i o n ,  however, approaches zero extremely r ap id ly  
upon separa t ion  from t h e  i n i t i a l  value.  If we  a l s o  assume t h a t  i s  real  
cases  a r b i t r a r i l y  r ap id  motions of t h e  phase p o i n t  are impossible,  our  
s o l u t i o n s  w i l l  correspond t o  s u f f i c i e n t  degree wi th  r ea l i t y ,  s ince  they  
suppose a r b i t r a r i l y  l a r g e  pe r tu rba t ions  only wi th  a small p r o b a b i l i t y ,  
A s  is  known, similar th ings  a l s o  occur i n  t h e  usua l  theory  of hea t  con- 
d u c t i v i t y ,  

namely, if we proceed from an i n i t i a l  Dirac 

3. Xe a l s o  note  t h a t  it i s  n o t  always obvious i n  an ac tua l  sys- 
tem which effect  should be considered s t a t i s t i ca l  and which dynamic. 



For example, i n  t he  movement of a Brownian p a r t i c l e  i n  a f i e l d  of con- 
s e r v a t i v e  fo rces  one must assume t h a t  t h e  p a r t i c l e  i s  a l s o  ac ted  upon 
by a r egu la r  f o r c e  of f r i c t i o n ,  which i s  propor t iona l  t o  v e l o c i t y  and 
which i s  generated by random c o l l i s i o n s  between t h e  molecules. It i s  
reasonable  t o  account f o r  t h i s  f r i c t i o n  i n  w r i t i n g  t h e  d y n m i c  equat ions,  

b e  Remarks Concerning t h e  Second Problem. Xe have skadied 
t h e  behavior of t h e  s t a t i o n a r y  so lu t ion  under pe r tu rba t ions  Landing to-  
ward zero f o r  t h e  case n = 1 and n = 2. 
it is  n a t u r a l  t o  assume t h a t  by means of t h e  proper l i m i t  t r a n s i t i o n  
w e  can sepa ra t e  out  some asymptotic s t a b l e  ( i n  t h e  sense of approxi- 
mationto o r b i t s )  sets of r ecu r ren t  t r a j e c t o r i e s ;  however, t h e r e  i s  no 
doubt t h a t  such a limit t r a n s i t i o n  may a l s o  sepa ra t e  o u t  o the r  classes 
of motions. 
which do no t  have i n t e g r a l  i n v a r i a n t s .  If t h e  system assumes an i n t e -  
g r a l  i n v a r i a n t  and if  t h e  pahse space of t h e  system is c l o s d ,  then 
t h e  p i c t u r e  of the behavior of t he  d i s t r i b u t i o n  func t ion  under per turb-  
a t ions  t h a t  tend t o  zero is  e s s e n t i a l l y  d i f f e r e n t .  This poses an i n t e r -  
e s t i n g  ques t ion :  
t h e  i n t e g r a l  i n v a r i a n t s  of t h e  system under pe r tu rba t ions  t h a t  tend t o  
zero? 
equat ion under pe r tu rba t ions  t h a t  tend t o  zero  l eads  t o  t h i s  idea.  

I n  t h e  more genera l  cases ,  n)2, 

All t h i s  r e l a t e s  t o  t h e  e s s e n t i a l l y  non-conservative cases  

does no t  t h e  s t a t i o n a r y  d i s t r i b u t i o n  tend t o  one of 

The f a c t  t h a t  t h e  Fokker equat ion becomes t h e  i n t e g r a l  i n v a r i a n t  

A p o s i t i v e  answer t o  t h i s  quest ion could be t h e  b a s i s  L3ee Not27 
of several  of t h e  conclusions of classical  S t a t i s t i c a l  mechanics which 
have been based on a quasi-ergodic hypothesis.  I n  f ac t ,  l e t  R be t h e  
phase space of a c e r t a i n  mechanical Hamiltonian problem, and l e t  M be 
t h e  manifold of cons tan t  energy i n  it. Let M be closed,  Since any 
t r a j e c t o r y  t h a t  i n t e r s e c t s  i\I l i e s  wholly on M9 a system of d i f f e r e n t i a l  
equat ions i s  e s t ab l i shed  on Me If t h i s  system of d i f f e r e n t i a l  equa- 
t i o n s  has  a unique i n t e g r a l  i n v a r i a n t ,  it i s  known: t h i s  i s  a phase 
plane on M, Thus, f o r  s u f f i c i e n t l y  small pe r tu rba t ions  t h e  proSab- 
i l i t y  t h a t  a random po in t  w i l l  f a l l  i n  a c e r t a i n  region i s  approxima- 
t e ly  propor t iona l  t o  t h e  corresponding phase plane.  (We w i l l  no t  now 
examine t h e  phys ica l  value of t h i s  b a s i s ,  which i s  founded on assump- 
t i o n s  of t h e  s ta t i s t ica l  effects.  ) 
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